Abstract. Let G be a connected linear algebraic group over a field k of characteristic zero and let P be a parabolic subgroup of G containing a fixed maximal torus T . For a scheme X of finite type over k and a principal G-bundle E → X, we describe the rational algebraic cobordism of the flag bundle E/P → X in terms of the cobordism groups of X and the classifying space BT . In particular, we obtain formulae for the algebraic cobordism groups of the various flag bundles associated to a vector bundle on a scheme. As a consequence, we describe the cobordism group of any principal bundle over a scheme. We also obtain similar formula for the higher Chow groups of flag bundles.
Introduction
Let k be a field of characteristic zero. In this paper, we shall consider only those schemes which are quasi-projective over k. Based on the construction of the motivic algebraic cobordism spectrum MGL by Voevodsky in the stable homotopy category of k, and the already known cobordism theory for complex manifolds [16] , Levine and Morel [12] invented the algebraic cobordism theory Ω * (−). The most important aspect of this theory is that Ω * (−) is the universal oriented Borel-Moore homology theory in the category of k-schemes. In particular, it is the universal oriented cohomology theory in the category of smooth schemes over k.
As a consequence, many known theories, e.g., algebraic K-theory, Chow groups, can be directly obtained from the cobordism theory of Levine and Morel. This makes the question of describing the algebraic cobordism groups of various schemes interesting and important. Since this theory has been invented only some years ago, not many cases of computations of Ω * (−) have been known. Levine and Morel showed that the coefficient ring Ω * (k) is isomorphic to the known Lazard ring. They were also able to describe the algebraic cobordism of a projective bundle in terms of the cobordism group of the base scheme. The principal aim of this paper is to generalize this description to the case of arbitrary flag bundles. As a consequence, we also describe the cobordism groups of principal G-bundles over k-schemes.
In order to motivate our main results, we recall the following result, due to Borel and Leray, well known in algebraic topology and its analogue in algebraic geometry, due to Vistoli [19] . Assume k = C is the field of complex numbers and let G be a connected and reductive complex algebraic group. We fix a maximal torus T of G, a Borel subgroup B of G containing T and let W denote the Weyl group of G with respect to T . Let T denote the character group of T and let Sym( T ) denote the symmetric algebra of T ⊗ Q over Q. Let X be a complex manifold and let E → X be a principal G-bundle. The reader can think of it as a G(C)-fiber bundle over X(C). Since the principal bundles are represented by the maps to the classifying spaces in topology, we immediately get the characteristic homomorphisms and is an isomorphism. Let X be now a scheme and let CH * (X) denote the rational Chow group of algebraic cycles on X modulo the rational equivalence. Let A * (X) be the FultonMacPherson bivariant cohomology ring of X. Recall that this is a subring of the endomorphism ring of CH * (X). In the same set up as above, Vistoli [19] showed that there are still the characteristic maps
Sym( T )
W c E − → A * (X) and Sym( T )
such that the induced map of Sym( T )-modules
is an isomorphism. This completely describes the Chow groups of the flag bundle in terms of the Chow group of the base.
In this paper, we study similar questions for the description of the higher Chow groups and more importantly, the algebraic cobordism groups of generalized flag bundles over any base scheme. The similar techniques can also be used to write down the description of the complex cobordism of flag bundles over complex manifolds. In case of the higher Chow groups, we obtain a more direct proof of the above formula using the localization sequence for these groups. In particular, this yields a different and simpler proof of Vistoli's theorem for the Chow groups. The proof in the case of the cobordism becomes much more complicated, mainly due to the absence of the higher cobordism groups at present. In this case, we adapt some of the arguments of [19] to the case of cobordism. We now state our main results.
Let G be a connected linear algebraic group and let T , B and W be a fixed split maximal torus, a Borel subgroup containing the maximal torus and the associated Weyl group respectively. We shall often denote this datum by the quadruplet (G, T, B, W ). Let r denote the rank of T . Let P be a parabolic subgroup of G containing B and let W P denote the Weyl group of the Levi subgroup of P with respect to T .
Let S(G) and C(G) denote the G-equivariant rational Chow ring and the algebraic cobordism ring of Spec(k) (see Section 3 below). Since we are interested in describing the higher Chow groups and cobordism groups with the rational coefficients, we make the convention that an abelian group A for us will actually mean A ⊗ Z Q. Furthermore, we shall write the higher Chow groups and the cobordism groups cohomologically in this paper in the sense that CH i (X, n) and Ω i (X) will mean the groups CH dim(X)−i (X, n) and Ω dim(X)−i (X) respectively. For any scheme X, we shall write the full Chow groups as
Let p : E → X be a principal G-bundle and let π : E/P → X be the flag bundle associated to the parabolic subgroup P . We show in Section 3 below that the algebraic cobordism groups Ω * (X) and Ω * (E/P ) are modules over the rings C(G) and C(P ) respectively. Moreover, it is known (cf. [10, Theorem 6.6 
The similar methods also show that the higher Chow groups CH * (X, n) and CH * (E/P, n) are modules over the rings S(G) = S W and S(P ) = S W P respectively. Now we have:
is an isomorphism. Moreover, it is an isomorphism of rings if X is smooth.
is an isomorphism. This is an isomorphism of rings if X is smooth.
As consequences of these results, we obtain the formulae (cf. Corollaries 6.6 and 8.2) for the cobordism and the higher Chow groups of principal bundles. We remark here that as we are working with the rational coefficients, the assumption about the maximal torus T being split is not a necessary one. One can reduce to this case by the transfer arguments.
We conclude the introduction with a brief outline of the contents of this paper. We recall the definitions and some important properties of the ordinary and the equivariant algebraic cobordism in the next section. We use these fundamental properties to construct our map λ X in Section 3. We also deduce some functorial properties of this map with respect to morphisms between schemes. In section 4, we prove some algebraic results and use these together with some results of [10] to deduce our main result for algebraic cobordisms of trivial flag bundles over smooth schemes. In Section 5, we prove the surjectivity of λ X using the localization sequence for the cobordism, the corresponding result for the trivial flag bundles and an induction argument. We prove Theorem 3.4 in Section 6 by first proving it for the trivial flag bundles, which uses the proof of the similar result for the Chow groups of trivial bundles in [19] , and then using a filtration argument for general schemes. The final proof of Theorem 1.1 is given in Section 7, where we deduce this from the case of flag bundles associated to the Borel subgroups. The last section is devoted to the proof of Theorem 1.2 where the main tool is the long exact localization sequence for the higher Chow groups.
Recollection of ordinary and equivariant cobordism
In this section, we briefly recall the definitions and basic properties of the ordinary and equivariant algebraic cobordism.
2.1. Algebraic cobordism. Recall from [12] that for any scheme X and any i ∈ Z, the algebraic cobordism group Ω i (X) is given by the quotient of the Q-
, where Y is a smooth scheme and f has relative codimension i = dim(X) − dim(Y ). This quotient is obtained by the relations in Z i (X) defined by certain axioms like the dimension axiom, section axiom and the formal group law. It was later shown by Levine and Pandharipande [14] that Ω i (X) can also be described as the quotient of Z i (X) by the subspace generated by those cobordism cycles which are given by the double point degeneration relation. In particular, there is a natural surjection Z * (X) ։ Ω * (X). It also follows that Ω * (X) is a graded Q-vector space, where the grading is given by the codimension of a cobordism cycle. Moreover, Ω i (X) = 0 for i > dim(X) and Ω i (X) could be non-zero for any −∞ < i ≤ dim(X). In fact, the exterior product on cobordism makes Ω * (X) a graded ring for smooth X, which is a graded Ω * (k)-algebra. In general, Ω * (X) is a graded Ω * (k)-module. The following is the main result of Levine and Morel from which most of their other results on algebraic cobordism are deduced. 
is an isomorphism of commutative graded rings. Here, L is the Lazard ring which is a polynomial ring over Q on infinite but countably many variables and is given by the quotient of the polynomial ring Q[A ij |(i, j) ∈ N 2 ] by the relations, which uniquely define the universal formal group law F L of rank one on L. This formal group law is given by the power series
where a ij is the equivalence class of A ij in the ring L. The Lazard ring is graded by putting the degree of a ij to be 1 − i − j. In particular, one has L 0 = Q, L −1 = Qa 11 and L i = 0 for i ≥ 1, that is, L is non-positively graded. We refer to loc. cit. for more properties of algebraic cobordism.
2.2. Equivariant algebraic cobordism. Let (G, T, B, W ) be the datum as above for a given connected linear algebraic group G over k. For a scheme X with a linear action of G, the equivariant algebraic cobordism of X was defined by Deshpande [4] when X is smooth and this was later defined and studied for all schemes in [10] . Since this is a new theory and since we shall have need for this here, albeit in a mild way, we briefly recall it. For any integer j ≥ 0, let V j be an l-dimensional representation of G and let U j be a G-invariant open subset of V j such that the codimension of the complement (V j −U j ) in V j is at least j and G acts freely on U j such that the quotient U j /G is a quasi-projective scheme. Such a pair (V j , U j ) is called a good pair for the G-action corresponding to j. It is known that in our set up, good pairs always exist (cf. [5, Lemma 9] ). Let X G denote the mixed quotient X G × U j of the product X × U j by the diagonal action of G, which is free.
Let X be a k-scheme of dimension d with a G-action. Fix j ≥ 0 and let (V j , U j ) be an l-dimensional good pair corresponding to j. Put
Here, F p Ω i (X) is the pth level of the Niveau filtration (cf. [10, Section 3] ) which is roughly given by the subspace of Ω i (X) generated by the images of Ω i (Z) → Ω i (X) under the push-forward map, where Z ֒→ X is a closed subscheme of dimension at most i. It is known that Ω G i (X) j is independent of the choice of the good pair (V j , U j ) and one defines
The reader should note from the above definition that unlike the ordinary cobordism, the equivariant algebraic cobordism Ω G i (X) can be non-zero for any i ∈ Z. We let Ω
and we let
The equivariant cobordism satisfies all those properties which are listed in Theorem 2.1 for the ordinary algebraic cobordism. Since we shall need some of these properties, we state them below for the sake of completeness. (ii) Homotopy :
which have same functoriality properties as in the non-equivariant case.
There is a natural product map
In particular, Ω
For a G-equivariant vector bundle E on X, we shall often denote the equivariant Chern class operators as c G i (E) ∩ −. Note that these Chern classes behave like the Chern classes of the ordinary vector bundles on the ordinary cobordism of the mixed spaces defined before. In particular, if χ is a character of G (which is just a G-equivariant line bundle on spec(k)), the above exterior product is explicitly described as
Here, L χ is the line bundle associated to χ and c
by Ω * (BG) and call it as the cobordism ring of the classifying space of G. It is known from the universal property of the algebraic cobordism that for a complex linear algebraic group G, there is a natural map of rings (2.5)
where MU * (BG) is the rational complex cobordism group of the topological classifying space of G(C). Moreover, this realization map is in fact an isomorphism (cf.
[10, Theorem 6.8]). Thus, Ω * (BG) is truly the cobordism ring of the classifying space of G.
If H ⊂ G is a closed subgroup, then for any G-scheme X and a good pair
. This restriction map in fact completely describes Ω * (BG) in terms of Ω * (BT ) in the following way.
In particular, one has C(G)
If T is a split torus of rank r and if {χ 1 , · · · , χ r } is a Q-basis of T with associated line bundles
which maps x i to the class of the first Chern class c 1 (
, where the image of γ i is the ith Chern class of the canonical rank n vector bundle on BGL n . Under the iso-
W of Theorem 2.3, the image of γ i is the ith elementary symmetric polynomial in the variables of C(T ).
We also recall here that there is a similar relation between the Chow rings of BG and BT (cf. [18] , [5] ), that is,
3. The homomorphism λ X
In this section, we explain the homomorphism λ X of Theorem 1.1 and then prove some functoriality properties of this map with respect to the maps between schemes. We consider the case of flag bundles associated to Borel subgroups of G, from which the general case can easily be deduced (cf. Section 7).
Let X be a scheme and let p : E → X be a principal G-bundle and let π : E/B → X be the flag bundle associated to the Borel subgroup B. Since E is a G-scheme where G acts freely, it follows from Theorem 2.2 that
is a C(G)-modules. In the same way, Ω * (E/T ) ∼ = Ω *
T (E) is a C(T )-module (and hence a C(G)-module by restriction). On the other hand, E/T → E/B is a principal B
u -bundle, where B u is the unipotent radical of B. By [3, XXII, 5.9.5], B u has a finite filtration by normal subgroups whose successive quotients are the vector groups. A successive application of homotopy invariance now implies that Ω * (E/B)
and Ω * (E/B) are naturally C(G) and C(T )-modules respectively, which defines the map λ X as λ X (w ⊗ x) = x · π * (w). Recall that C(T ) is the power series over L in the first Chern classes of the line bundles associated to the characters of T and Theorem 2.3 implies that C(G) is also generated by the first Chern classes of the W -invariant characters inside C(T ).
Using the description of these module structures in (2.4), we see that the map λ X is given by (3.1)
It is easy to see from this that this is an L-algebra homomorphism if X is smooth. Remark 3.1. For readers who are little bit familiar with the language of quotient stacks and know that the G-equivariant line bundles on a G-scheme X are same as ordinary line bundles on the quotient stack [X/G], we can explain the above in this set up as follows. The principal G-bundle E → X uniquely gives rise to the following commutative diagram of morphisms.
Hence, the map λ X in this case is given by
Here, the left term is identified as
by [10, Theorem 7.6] and
is simply the exterior product map.
To prove certain functoriality properties of λ X , we need the following elementary result on the equivariant cobordism. 
and the last term is same as the class of x · f * (w) in Ω * (X G ) which can be taken as
is also a good pair for the G-action. 
Then the diagrams
are commutative.
Proof. To show the commutativity of the first square, we have
where the third equality follows from the fact that the first square in (3.4) is Cartesian with π smooth and f projective. The proof of the commutativity of the second square is similar.
Let (G, T, B, W ) be as above where G is a connected linear algebraic group. Let G u denote the unipotent radical of G and let L denote the corresponding quotient as a reductive group. Then any principal G-bundle E → X canonically gives a principal L-bundle E L = E/G u → X. Moreover, as the Borel subgroup B
contains G u , we see that
where B L is the image of B which is a Borel subgroup of the reductive group L. Since C(G) ∼ = C(L), as follows from the Levi decomposition and the homotopy invariance, we conclude that it is enough to consider the case when G is reductive in order to prove our main results. Hence for the rest of this paper, G will always denote a connected reductive group. We shall deduce Theorem 1.1 from the following result for the algebraic cobordism of the flag bundles associated to the Borel subgroup B. 
4. Some algebraic reductions Let (G, T, B, W ) be as above and let T be a split torus of rank r. This rank will be fixed throughout. We fix a basis {χ 1 , · · · , χ r } of T and let S = Sym( T ) = Q[x 1 , · · · , x r ] be the polynomial algebra in the first Chern classes of the line bundles associated to the characters {χ i , · · · , χ r }. Let S W ⊂ S be the subalgebra generated by the homogeneous polynomials which are invariant under the action of W . This gives us a square of ring inclusions
which is Cartesian and where C(G) has been identified with
L is a polynomial algebra over L of rank r. We shall denote the homogeneous generators of this subalgebra by {σ 1 , · · · , σ r }.
Let I be the ideal of S generated by the homogeneous elements of positive degree which are invariant under W and let Λ denote the ring S/I. Then we see that Proof. Consider the exact sequence
Since the topology on M is given by the descending chain
is exact. Thus, we only need to show the first isomorphism to prove the lemma.
a i A and define
This makes the sequence 
Proof. We first observe that the cobordism ring C(T ) is the inverse limit of the cobordism rings of the form (Ω * (BT )) j≥0 on each of which the Weyl group acts. In particular, the action of W on C(T ) is induced by its action on the polynomial ring L[x 1 , · · · , x r ] and C(T ) W is the inverse limit of the W -invariants in the inverse system (Ω * (BT )) j≥0 . Thus we see that we can write S
W is the subring of the power series ring L[[x 1 , · · · , x r ]] generated by the homogeneous polynomials {σ 1 , · · · , σ r }. Moreover, the ideal I in C(T ) is the extension of the ideal (σ 1 , · · · , σ r ) of S W = Q[σ 1 , · · · , σ r ] which we also denote by I. Let m denote the ideal (x 1 , · · · , x r ) of S L . Now we have
On the other hand,
where each A j is an artinian local ring which is finite over Q. In particular, the ideal m is nilpotent in each of the factor L ⊗ A j and hence the last term in (4.6) is complete with respect to m. We conclude that
is complete in the m-adic topology. In particular, we obtain
and this completes the proof. 
which is an L-algebra isomorphism if X is smooth.
Proof. The first assertion of the corollary follows directly from (3.3) and Corollary 4.3. If X is smooth, this map is an L-algebra homomorphism because so are the maps in (3.1) and Corollary 4.3. Moreover, it is an isomorphism by [10, Lemma 6.5] and [13, Theorem 3.1].
Surjectivity of λ X
We now let p : E → X be a an arbitrary principal G-bundle and let π : E/B → X be the associated flag bundle. Using the above inclusions of the polynomial rings inside the power series rings, we get natural homomorphisms
of S L -modules, which are also S L -algebra homomorphisms if X is smooth. As a first step towards proving Theorem 3.4, we show in this section that the map λ X is surjective. In fact, the proof that follows will show that the map φ X is surjective. It will eventually turn out that both the maps φ X and λ X are isomorphisms. We begin with the following elementary property of principal bundles and the local property of algebraic cobordism. 
which is Cartesian and where π ′ is the projection to the second factor.
Proof. Since E p − → X is a principal G-bundle quotient of quasi-projective schemes, the action map
which is Cartesian and where p ′ is the projection to the second factor by the general properties of principal bundles (cf. [7, 0.10] ). Now, the map µ descends to a map G × E/B → E/B. Moreover, this map is B-equivariant where B acts trivially on E/B and by left multiplication on G.
Taking the quotients, we get a canonical map G/B × E/B 
Proof. Let η denote the generic point of X and consider the Cartesian diagram
where U is any open subscheme of X. Since X ′ is connected, we see that
Since the algebraic cobordism is generically constant by [11, Lemma 13.3, Corol-
. This in turn implies that
and this proves the lemma. 
such that the horizontal composite maps are multiplication by
Proof. We choose U j ֒→ X as in Lemma 5.2. The commutativity of the diagram follows from Lemma 3.3. Moreover, as f is finite andétale of degree d, it follows that f is also a morphism of the same type. We claim that g * (1) = k(X ′ ) : k(X)]. To see this, we evaluate the required term as
where the second equality follows from Lemma 5.2 and this proves the claim. The corollary now follows from the projection formula.
Proposition 5.4. The map λ X is surjective for any scheme X.
Proof. We shall prove this by induction on the dimension of X. We can assume that X is reduced. If X is zero-dimensional, it is of the form X = Spec(K), where K is a finite product of finite field extensions of k. We prove the case when X = Spec(k). The same proof applies for any finite extension of k. Now, there is a finite extension k ֒→ l such that Y l is of the form G l /B l . Hence the result holds for X = Spec(l) by [ 
We can now find a smooth and dense open subset U j ֒→ X such that the map
Moreover, the flag bundle is still trivial on U ′ . Since U is a disjoint union of smooth and connected schemes, the surjectivity of λ U follows from the case of the trivial bundle shown above and Corollary 5.3.
We now let Z = X − U be the complement of U in X with the reduced closed subscheme structure and consider the diagram
which is commutative by Lemma 3.3 and whose rows are exact by Theorem 2.1.
Since U is open and dense, Z is a closed subscheme of dimension which is strictly smaller than that of X. Hence the map λ Z is surjective by induction. We have shown above that λ U is surjective. Hence the map λ X is surjective too.
Remark 5.5. Since the maps
are isomorphisms for the trivial bundle G/B × X π − → X for X smooth by Corollary 4.4, exactly the same proof as for Proposition 5.4 shows that the maps δ X and φ X are also surjective for any scheme X.
Proof of Theorem 3.4
Recall from Section 4 that Λ = S/I = Λ 0 ⊕ Λ 1 ⊕ · · · ⊕ Λ N is the graded quotient of S = Q[x 1 , · · · , x r ] by the ideal I which is generated by the homogeneous polynomials of positive degree which are invariant under W . It is clear that Λ 0 is one-dimensional over Q generated by the unit element of the ring. It also follows from Lemma 4.1 that Λ N is an one-dimensional Q-vector space. We fix these two generators and denote them by ρ 0 = 1 and ρ N respectively. Let p 0 = 1 and p N be their homogeneous lifts in S 0 and S N respectively. For any scheme X, we consider the map
where φ X is the homomorphism in (5.1). We need the following property of this map.
is commutative and ψ Z X is identity. Proof. We consider the following diagram.
The first square from the left clearly commutes as π Z is the pull-back of a smooth morphism. The second square commutes by Lemma 3.2. The third square is simply the commutativity of the push-forward maps. We conclude that the big outer square commutes. Since the top and the bottom composite horizontal arrows are ψ Z and ψ X respectively, we get the commutative square (6.2). Moreover, ψ Z X is identity because ψ Z is so.
Lemma 6.2. For any scheme X, there is a finite filtration by closed subschemes
Proof. We prove this by induction on the dimension of X. If X is zero-dimensional, we can use Corollary 5.3 and the argument in the proof of Proposition 5.4 to reduce to the case when X = Spec(k) and E/B = G/B. We can apply Corollary 4.3 and [10, Theorem 7.6] to get a graded L-algebra isomorphism
Under the above isomorphism, we get for any homogeneous element m ∈ L i ,
where the last equality holds by the projection formula. On the other hand, as L 0 is the one-dimensional vector space generated by the class of [Spec(k)] , we see that
0 , which is the identity element. This proves the zero-dimensional case. If X is any smooth scheme and Y = X × G/B, then it follows from Corollary 4.4 and the case of X = Spec(k) that ψ X is identity.
In the general case, we can find anétale cover f :
− → E/B × X ′ and π X ′ is just the projection map by Lemma 5.1. Since f is generically finite, we can find a dense open subset U j ֒→ X such that U is smooth and the map g :
The proof of Lemma 6.1 shows that the right square in the diagram
commutes. Since g isétale, the similar argument shows that the left square commutes. Furthermore, we can apply Corollary 5.2 to choose the open subset U so that g * is injective. We have shown above that ψ U ′ is identity. We conclude that ψ U must also be identity.
Put X 1 = (X − U). Then X 1 is a closed subscheme of X of dimension which is strictly less than that of X. The proof of the lemma now follows by induction. Proposition 6.3. For any scheme X, the homomorphism ψ X is an isomorphism.
Proof. We choose a finite filtration of X as in Lemma 6.2. We have shown that ψ (X−X 1 ) is identity. Assume by induction that ψ (X−X m ) is an isomorphism and consider the diagram
which is commutative by Lemma 6.1. The top and the bottom rows are exact by Theorem 2.1. The left vertical map is identity by Lemmas 6.1 and 6.2. The right vertical map is isomorphism by induction. We conclude that the middle vertical map is an isomorphism too and the induction continues.
Corollary 6.4. For any scheme X, the pull-back map Ω * (X)
Proof. This follows directly from Proposition 6.3. Proof. The surjectivity of λ X and δ X follows directly from Proposition 5.4 and Remark 5.5. So we only need to show the injectivity. By Remark 5.5 again, it suffices to show that φ X is injective (and hence isomorphism). By Corollary 4.4, φ X is same as the map of graded Λ L -modules
and this map factorizes the composite map θ X as
It suffices to show that φ X is injective on each graded piece of the left term in (6.6). So let
be such that φ X (x) = 0. Let {b We show inductively that x p = 0 for each p. First of all,
On the other hand, we have by Lemma 4.1,
which is zero for p > 0 and x 0 1 ⊗ ρ N for p = 0. Thus we conclude that
But the last equality is equivalent to saying that ψ X (x We assume by induction that x q = 0 for q < p with p ≥ 1 and we show that x p is zero too. We prove this following the proof of [19] for the Chow groups. We fix an integer 1 ≤ l ≤ s p . By Lemma 4.1, there exists c ∈ Λ N −p such that
In particular, we get
where the second equality occurs because j + (N − p) > N for j > p. We lift c to a homogeneous element e of S. We then have as before, (6.8)
We conclude from this that 
which is commutative by Lemma 3.3. Since S L is flat over S W L , the left vertical arrow is injective by Corollary 6.4. The bottom horizontal arrow is injective by Proposition 6.5. We conclude that the top horizontal arrow is injective too. Corollary 6.6. Let G be a connected linear algebraic group with a split maximal torus T . If E p − → X is a principal G-bundle over a scheme X, then
where I is the ideal of C(G) generated by the Chern classes of G-homogeneous line bundles. This is an L-algebra isomorphism if X is smooth.
Proof. By [10, Theorem 7.4] , the natural map Ω *
is an isomorphism, which is an L-algebra isomorphism if X is smooth. On the other hand, it follows from Theorem 2.2 that the term on the left is same as
The corollary now follows from Theorem 3.4.
Corollary 6.7. Let G be a connected algebraic group (not necessarily linear) over k and let
.
Proof. It follows immediately from Corollary 6.6 and the fundamental exact se-
, where G aff is the largest connected linear algebraic subgroup of G.
Cobordism of E/P
In this section, we complete the proof of Theorem 1.1 by deducing it from Theorem 3.4. This is done by using the following general technique, which the author learned from an unpublished note [6] of Edidin and Larsen. So let (G, T, B, W ) be our given datum, where we have already reduced to the case when G is reductive. Since T is split, the group G is given by its root system Φ(G, T ). Let ∆ be a base of Φ and B the corresponding Borel. By the well known theory of root system (cf. [17] ), for every subset I of ∆, there exists a corresponding parabolic subgroup P I ⊃ B and every parabolic subgroup containing B is of this form. Let Ψ I be the intersection of Φ with the span of I and let P I = M I N I be the corresponding Levi decomposition, where M I contains T and Φ(M I , T ) = Ψ I . The Weyl group of M I with respect to T is the subgroup of W generated by the simple reflections corresponding to the elements of I. The Borel subgroup B I of M I corresponding to the positive roots in Ψ I is the intersection of B with M I and hence the natural map P → M I gives an isomorphism P I /B ∼ = − → M I /B I . Since every Borel subgroup is conjugate to B, we can assume without loss of generality that P I is same as P . We then obtain tower of fibrations To prove Theorem 1.1, we notice that E/B → E/P is a M/B-bundle, where B is a Borel in M containing T . If W P is Weyl group of M with respect to T , we obtain (7.2) Ω * (E/P ) ⊗ C(T ) W P C(T )
by Theorem 3.4. Taking the W P -invariants and using Corollary 7.1, we get Ω * (E/P )
This completes the proof of Theorem 1.1.
8. Higher Chow groups of flag-bundles Let X be a scheme and let p : E → X be a principal G-bundle and let π : E/B → X be the flag bundle associated to a Borel subgroup of G. In this section, we describe the higher Chow groups of E and E/B in terms of the higher Chow groups of X and the characteristic classes of the maximal torus T . From this, we obtain formula for the higher Chow groups of the flag bundles π : E/P → X.
Recall from [1] that the higher Chow groups of X are given by the homology groups CH i (X, n) = H n (Z i (X, •)) of the cycle complex Z i (X, •) of codimension i cycles in the simplicial spaces X × ∆ • . We refer to loc. cit. for more detail and for some standard functorial properties. For a scheme X with G-action, the equivariant higher Chow groups CH where the tensor product in the top row is over the ring S W . In particular, this row is exact by the flatness of S over S W . Since the dimension of Z is strictly smaller than that of X, we see that the maps α Z are isomorphisms by induction. We have shown above that the maps α U are also isomorphisms. We conclude that α X is an isomorphism. Corollary 8.2. Let G be a connected linear algebraic group with a split maximal torus T . Let E p − → X be a principal G-bundle over a scheme X. Then
where I is the ideal of S(G) generated by the Chern classes of G-homogeneous line bundles. This is a Q-algebra isomorphism if X is smooth.
Proof. The proof is exactly same as the proof of Corollary 6.6.
The following corollary recovers a result of Brion [2, Proposition 2.8] for the ordinary Chow groups CH * (G, 0) of connected algebraic groups as a special case. Proof. The proof is exactly same as the proof of Corollary 6.7.
